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Buffon’s Needle: Part 1 

Remember the halcyon days of 2018 when it was all the rage to thrust a bottle high up in the air 
and watch it fly towards the ground in anticipation of its landing standing? Well, apparently, this 
throwing-stuff-and-watching-what-happens business has been around for much longer than a lousy 
two years. Although I would wager that people have found amusement in it since the year dot, I do 
not have any formal proof. However, what I base today’s article on goes back as far as to 1777 when 
Comte de Buffon wrote his paper Sur le jeu de franc-carreau (On the game of the coin and tile) 
(‘Buffon’s Needle Problem’). In this paper, he described a game in which people would throw a coin 
onto a square-tiled floor and bet as to whether the round object would not cross a boundary. Buffon 
showed that the profitability of such a bet could be determined as the probability of the coin not 
falling on a boundary, given by the ratio of the area of the square within which the coin’s centre must 
fall in order for the coin not to cross a boundary to the area of the whole tile. He then raised the 
question of what the probability would be if the object thrown was a needle, not a coin. 

Let me take you on the journey of which de Buffon was the pioneer. Again, we will have to split 
our adventure into two parts. Today, we will look into the geometric approach towards estimating the 
average of the function sin (𝜃) for 0 < 𝜃 ≤ π. Next time, we will apply the gained knowledge to the 
estimation of the probability in the case of the needle. I highly recommend that you stick around for 
both parts, for we will reach a conclusion that might perhaps seem a little surprising and, for those of 
you obsessed by the usefulness of mathematical cherries, also handy, although in a slightly tongue-
in-cheek way. 

Now to the estimation of the average of sin (𝜃). Let us consider a unit circle with 𝑛 radial spokes 
drawn at equal intervals from 𝜃 = 0 to 𝜃 = 2π. The angle between two neighbouring spokes is then 

. We will also consider a regular polygon of 𝑛 sides with a side of length 1. If we draw a line from 

the centre of this polygon to each of the polygon’s vertices, we obtain 𝑛 triangles, the sum of whose 
inner angles is 𝑛π. Subtracting the angle around the centre of the polygon, we get that the sum of the 

inner angles of the polygon is 𝑛π − 2π = (n − 2)π and that the size of one inner angle is 
( )

. The 

exterior angle at each vertex is implicitly π −
( )

= , which equivalent to the angle between two 

neighbouring spokes in our unit circle! Hence, we can rearrange the spokes without turning them 
around anyhow to obtain the regular polygon. 

As 𝑛 increases, so does the size of the regular polygon. Let the radius of the circle into which the 
polygon is inscribed be 𝑟 . Then the circumference of this circle is 𝑐 = 2π𝑟 . If we want to estimate 
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the average of sin (𝜃) for 0 < 𝜃 ≤ π, we must add up the sines of the individual angles 0 < 𝜃 ≤ π 
between the spokes and the horizontal. In our unit circle, these are the vertical components of the 
vectors represented by the spokes in the upper half of the circle. (When it comes to the two horizontal 
spokes, I consider the left one to be part of the upper part of the circle and the right one to be part of 
the lower part of the circle, just in case you were wondering.) Without loss in generality, assume that 

the  spokes are those that after rearrangement form the right-hand side of the polygon. In terms of 

the vector analogy again, the vectors representing the spokes add up to the diameter of the circle into 

which the polygon is inscribed! When we put our findings into symbols, we obtain ∑ sin (𝑘 ) ≈

2𝑟 . If we divide this sum of sine values by  and assume 𝑛 to be very, very large (if we take the limit 

as 𝑛 → ∞), we will get the average value of sine that we are looking for. 
One could guess that the larger the 𝑛, the closer an approximate 𝑛 · 1 becomes to 𝑐 . Were that 

to be true, we could write 𝑎𝑣𝑔(sin(𝜃)) = lim
→

= lim
→

= lim
→

. However, although 

intuition does go a long way in Mathematics, it is not the most rigorous method of proving things, so 
we will, for the sake of the beauty of the proof, look into this little issue a touch more formally. 

Let us return to our regular polygon with 𝑛 sides and look at the circular sector with radius 𝑟  

and the central angle of size 𝜑 = , half of the central angle of the isosceles triangle of base 1 obtained 

by splitting the regular polygon into 𝑛 wedges. We will examine the area of the circular sector given 
by 𝜑, the area of the isosceles triangle inscribed into it, and the area of a triangle similar to one half 
of the first-mentioned isosceles triangle with two sides being extensions of the sides of the first-
mentioned isosceles triangle and the third side being tangent to the circle. (This may come across as 
somewhat confusing. On those grounds, I include an image below!) 

The area of the circular sector can be expressed as 𝐵 = 𝑟 𝜑 = 𝑟 = 𝑟 = . If we 

label the height of the smaller triangle, known to be half of the length of the side of the regular 

polygon, as ℎ  we can show that sin(𝜑) = = . Hence, it holds for the height of the smaller 

triangle that ℎ = 𝑟 sin(𝜑) = , and the area of this triangle is 𝐴 = = . Finally, if we label the 

height of the larger triangle as ℎ , we know that tan(𝜑) = . Therefore, ℎ = 𝑟 tan(𝜑), and the 
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area of the larger triangle can be expressed as 𝐶 =
( )

=

( )

( )

( )
=

( )
. Clearly, we can 

state that 𝐴 ≤ 𝐵 ≤ 𝐶. Substituting the just obtained expressions into this inequality, we get ≤

≤
( )

, or, after cancelling out the common factor, 1 ≤ ≤
( )

. Since lim
→

(cos(𝜑)) = 1, 

we have just found what we were looking for, for we can now write (and feel very, very mathematical 

about it) that lim
→

= 1. Substituting this gem into our expression for the average value of the 

sine for 0 < 𝜃 ≤ π, we arrive at the conclusion 𝑎𝑣𝑔(sin(𝜃)) = lim
→

= . 

Are you wondering what connection this can possibly have with the coins and needles we 
discussed at the beginning of today’s half of the article? If so, I have achieved my goal, for there will 
be no greater pleasure for me than to take you all the way to the end of the journey, when we will 
uncover something well and truly groundbreaking. 
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