
Maths Advent Calendar 2020 

AM-GM Inequality: Part 1 

Having tried my hand at various mathematical competitions, I have quite naturally repeatedly 
bumped into the Arithmetic Mean-Geometric Mean Inequality. Until recently, I had only seen this 
inequality as a useful tool that sometimes comes in handy where other mathematical hammers fail. 
However, then came a moment when I suddenly painfully realised the dissatisfaction at using 
something I did not quite understand and when, as a consequence, I decided to look into the proof of 
this inequality. Coincidentally, I found it to be so pretty that there was no way in which I could omit 
it from my calendar. Seeing as the proof in its entirety is somewhat lengthy, I shall divide the article 
into two parts. Today, we will build a few useful tools (which happen to be useful even outside the 
realms of AM-GM), and, next time, we will bring them together in the finalisation of our proof. 
Without further ado, let us embark on our bipartite journey! 

The first stopover we must have is that of making clear, out of mere mathematical perfectionism, 
the difference between a set and a multiset. You will, almost definitely, have heard of sets and their 
main characteristics, including that of duplicated elements being disallowed. For example, the set 
{1, 1, 2, 3} is just the same as the set {2, 3, 1}. It is this characteristic only that distinguishes multisets 
from sets. As opposed to a set, a multiset is defined not only by its disparate elements but also by how 
many times each of these elements occurs. Thus, in multisets, {1, 1, 2, 3} ≠ {2, 3, 1} (‘Multiset’). 

Next, we will define and prove the Rearrangement Inequality. This is an inequality which states 
that if 𝐴 = {𝑎 , 𝑎 , … , 𝑎 } is a permutation of some finite multiset of real numbers and 𝐵 =

{𝑏 , 𝑏 , … , 𝑏 } is also a permutation of some finite multiset of real numbers, the sum 𝑎 𝑏 + 𝑎 𝑏 +

⋯+ 𝑎 𝑏  has its greatest value when the permutations 𝐴 and 𝐵 are sorted similarly, that is to say, if 
𝑎  is greater than or equal to precisely 𝑖 other numbers in 𝐴, then 𝑏  is in parallel greater than or 
equal to exactly 𝑖 other numbers in 𝐵 (‘Rearrangement Inequality’). The inequality also makes the 
statement that the sum 𝑎 𝑏 + 𝑎 𝑏 +⋯+ 𝑎 𝑏  has its least value when the permutations 𝐴 and 𝐵 
are sorted oppositely, namely that if 𝑎  is greater than or equal to 𝑖 other numbers in 𝐴, then 𝑏  is less 
than or equal to 𝑖 other numbers in 𝐵. 

The Rearrangement Inequality can be proven by contradiction. We will only focus on its first 
part, for showing that the other part is valid is very much the same story, and mathematicians are lazy 
people and do not repeat themselves when they do not have to. Before the build-up to the contradiction 
we have in mind, however, let us briefly consider the case when 𝑛 = 2. Without loss in generality, let 
us set 𝑎 ≤ 𝑎  and 𝑏 ≤ 𝑏 . These two inequalities can be combined to give (𝑎 − 𝑎 )(𝑏 − 𝑏 ) ≥

0, which, after opening the brackets, yields 𝑎 𝑏 + 𝑎 𝑏 ≥ 𝑎 𝑏 + 𝑎 𝑏 . The time has come to move 
on to the general case! Again, without loss in generality, we may set 𝑎 ≤ 𝑎 ≤ ⋯ ≤ 𝑎  and 𝑏 ≤

𝑏 ≤ ⋯ ≤ 𝑏 . Let us now assume that our permutations 𝐴 and 𝐵 are not sorted similarly (we do not 
have the pairs 𝑎 , 𝑏  and 𝑎 , 𝑏 , etc.) but that the sum of the products of the pairs given by these 
permutations is, nonetheless, the greatest possible. Then there must be at least one case in which 𝑎  
is paired with 𝑏  and 𝑎  is paired with 𝑏 , where 𝑖 < 𝑗 and 𝑘 > 𝑙. (Hence, 𝑎 ≤ 𝑏  and 𝑎 ≥ 𝑏 .) 

However, from our concrete example above, we know that 𝑎 𝑏 + 𝑎 𝑏 ≥ 𝑎 𝑏 + 𝑎 𝑏 , and, unless 

both 𝑎s and 𝑏s are equal, we would be better-off with swapping either the positions of the two 𝑎s or 
the positions of the two 𝑏s. This contradicts our assumption that our initial choice of permutations 
gave the largest sum possible! 
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I hope that these two seemingly disjointed detours did not entirely put you off the idea of throwing 
a glance at the second part of the article. I promise: All the necessary groundwork is over with, and 
proving the famous AM-GM Inequality will come across as a piece of cake! 

Sources 

‘Multiset’. Art of Problem Solving, artofproblemsolving.com/wiki/index.php/Multiset. Accessed 22 
Nov. 2020. 

‘Rearrangement Inequality’. Art of Problem Solving, 
artofproblemsolving.com/wiki/index.php/Rearrangement_Inequality. Accessed 22 Nov. 2020. 


