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The Cubic: Part 3 

Welcome to the third and final part of the series on the general cubic, and congratulations on 
having made it so far! (In case you are among those villains who have not read Parts 1 and 2 – 
windows 9 and 12 –, I would suggest that you do so, for our endeavour today has its roots – pun not 
intended, not at all – in the difficulties we encountered back there.) 

For those stubbornly refusing to act on my recommendation and for those needing a reminder: 
In Part 1, we defined and solved the depressed cubic (the cubic without the 𝑥  term), and, in Part 2, 
we cleverly rewrote the general cubic so that the method developed for the depressed cubic could be 
used. However, we also uncovered one catch in the formula for the root of the depressed cubic, 𝑥 =

+ − + − − , but I was unable to provide you with a satisfactory answer to the 

question of what was to be done when < . Today, although we will not address the issue of taking 

the cube root of an imaginary number, we will approach the depressed cubic from a slightly different 
perspective, which will provide us with an answer for the “irreducible” cubic. Let us begin! 

We will start off by deriving one trigonometric identity by the application of DeMoivre’s 
Theorem to the imaginary number cos(𝜃) + 𝑖 sin(𝜃). Specifically, we will consider the third power 
of this imaginary number. DeMoivre’s Theorem states that [cos(𝜃) + 𝑖 sin(𝜃)] = cos(3𝜃) +

𝑖 sin(3𝜃). If we expand the left-hand side of the equation, we obtain [cos(𝜃) + 𝑖 sin(𝜃)] =

cos (𝜃) − 3 cos(𝜃) sin (𝜃) + 𝑖[3 cos (𝜃) sin(𝜃) − sin (𝜃)]. Comparing this to cos(3𝜃) +

𝑖 sin(3𝜃) and pairing the real and imaginary parts, we can deduce that cos(3𝜃) = cos (𝜃) −

3 cos(𝜃) sin (𝜃). Applying the trigonometric identity of sin (𝜃) + cos (𝜃) = 1, we get cos(3𝜃) =

4 cos (𝜃) − 3 cos(𝜃) or cos (𝜃) = cos(𝜃) + cos (3𝜃). 

This may seem as abhorrently arbitrary, but our findings, due to François Viète, will prove to be 
immensely useful. Let us return to the depressed cubic 𝑥 = 𝑝𝑥 + 𝑞 and introduce another pair of 
variables for substitution, 𝑎 and 𝑏, such that 𝑝 = 3𝑎  and 𝑞 = 𝑎 𝑏. We can rewrite our cubic as 𝑥 =

3𝑎 𝑥 + 𝑎 𝑏. Note that 𝑎 =  and 𝑏 = . This is where the identity cos (𝜃) = cos(𝜃) +

cos (3𝜃) comes in. We will elegantly assume that it is always possible to find such an angle 𝜃 that 

𝑥 = 2𝑎 cos(𝜃). Since cos(𝜃) = , we can substitute into our trigonometric identity and get =

+
 ( )

 or, after a touch of modification, 𝑥 = 3𝑎 𝑥 + 2𝑎 cos (3𝜃). Now, if 2𝑎 cos(3𝜃) =

𝑎 𝑏, we have just found 𝑥 = 3𝑎 𝑥 + 𝑎 𝑏. Solving for 𝜃, 𝜃 = cos , and, substituting into 

our guess-based expression for 𝑥, 𝑥 = 2𝑎 cos(𝜃) = 2𝑎 cos cos . We can rewrite this in 

terms of 𝑝 and 𝑞 and arrive at 𝑥 = 2 cos cos = 2 cos cos
√

√
. 

I know, I know. There are still constraints. Namely, we would like to be taking the inverse sine 

of a value no greater than 1, √

√
≤ 1. However, this expression can be rewritten as 3√3𝑞 ≤ 2𝑝 𝑝 

or ≤ , so we have just found a way of covering the cases which were excluded in the Cardano 
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approach! There is one more thing that I would like to bring your attention to, and that is the fact that 
it is in the irreducible case only that all three roots of the cubic equation are real. Yes, that case which 
left me completely baffled with its cube roots of imaginary numbers! In all other scenarios, there is 
only one real solution and two complex ones, which are conjugates to one another. 

This is the end. To quote a famous singer, “Hold your breath and count to ten.” I think that there 
is no better advice at the moment, for our journey has been a remarkably tumultuous one, indeed! We 
have seen the depressed cubic and its general counterpart, we have dealt with both, and we have found 
out that the imaginary crops up under unimaginable circumstances. Well, that is all I have to tell you 
today. I promise that there will be no more three-parters. Not only would their higher frequency scare 
away my meagre audience, but it would also bring an end to me, an outcome somewhat undesirable. 
Adios! 
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