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Fractal Dimensions 

The first time I heard that fractals could have other than natural-number dimensions (I was 
walking through the forest back then, a mathematical podcast streaming through neon green earbuds 
into my auditory system), I almost dropped an earbud how surprised I was. (Well, I might be 
exaggerating a bit. My earbuds are so robustly designed that taking them out hurts at the fourth or 
fifth attempt of the day.) Hence, about two months later, when I began planning the calendar, I knew 
that I would have to conduct a thorough investigation into the concept. During the writing to follow, 
I kept turning my hand to safer options out of my shortlist of topics, options that could be brought to 
a solid QED. The time came, however, when I was suddenly left with two items on my list, Euler’s 
Identity and Fractal Dimensions, but only needed to write an article on one. Euler’s Identity was the 
simpler of the two; for its creation, I would not have to abandon my comfort zone completely. For 
this reason, perhaps, I decided to undertake the Fractal Dimensions. I hope that my attempt at 
presenting the concept to you will not be entirely futile! 

It may well be that both terms the title of this article comprises seem familiar but that when you 
try to pin down your understanding of them, you realise that it is not as deep as you would like it to 
be. Hence, before we move on, let us shortly explore the terms. First, there is the concept of 
dimension, which you might tend to define followingly: On a line, there is one pair of directions in 
which you can travel, so a line is one-dimensional. On a plane, there are two pairs of directions, 
perpendicular to each other, so a plane is two-dimensional. In space, there are three such pairs, so a 
cube must be three-dimensional (Devaney). However, this notion is as stable as a house of cards. 
What, for instance, is the dimension of a curve on a plane or in space? The answer is one. Would you 
have known that accounting only for what we have looked at? 

What we need is a definition that does not fail the moment we approach something just a tad 
more complicated than perfectly straight lines or perfectly flat planes. Imagine a line segment. If we 
double the length of this segment, it doubles in length. (I have not gone out of my mind yet, no 
worries. Wait for the point.) Next, imagine a square. If we double the side of this square, its area 
quadruples. Imagine a cube. If we double the side of this cube, its volume increases eightfold. 
Generally, multiplying the lengths by 2 brings about the expansion of the size of the shape by a factor 
of 2 , where 𝑑 is the dimension of the shape. We could have, of course, been stretching or shrinking 
the sides by any other factor 𝑎 than 2, in which case the shape would have expanded by a factor of 
𝑎 . Hence, if we have a shape which we must magnify by a factor 𝑎 to obtain a shape which can be 
separated into 𝑏 shapes identical to the original, and 𝑑 is the dimension of the shape, we have 𝑏 =

𝑎 . Solving for 𝑑, 𝑑 = log 𝑏. This tool is yet to prove a saving grace! 
Now, if you have ever tried looking up the formal definition of a fractal, you will know that it 

does seem rather too complicated for it to be dealt with on a secondary-school level. I do not intend 
to go anyhow formal in this article, though. For our purposes, it suffices to say that a fractal is a shape 
that, no matter how much you zoom in on it, appears exactly or approximately the same as when you 
started zooming, that is, zooming in does not simplify what you are looking at, not in the least (Dilts). 
To gain more intuition, let us examine a few of these fractals and think along the way about what on 
earth their dimensions could possibly be. 
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The first on my list is the Cantor set, an image of which I include above (‘Generate a Cantor 
Set’). To make a Cantor set, we begin with a line segment and cut out the middle third. From each 
remaining piece, we cut out the middle third, and, from each remaining piece, we cut out the middle 
third… I guess that I do not need to carry on for any longer, you will have got the hang of it by now! 
Using the logic introduced above, we can now find the dimension of the Cantor set. Imagine that we 
took the left segment after the first cutting out of the middle third and magnified it by a factor 𝑎 = 3. 
We could then separate this magnified version of the left section into two sections identical to the left 
section of the original. Thus, we have 𝑏 = 2, and the dimension of the Cantor set is 𝑑 = log 2. A 
little less than a line, a little more than a point. A fractal. 

Let us try another one, the Koch snowflake (‘Generate a Koch Star’). To make a Koch snowflake, 
we start off with an equilateral triangle. In each successive phase, we add outward bends to each side 
made in the previous phase, thereby creating new equilateral triangles. Again, I encourage you to 
examine the image above. What is the dimension of this shape? In each phase, we turn each side into 
four smaller sides, each of which has a third of the length of the original side. Taking the reverse of 
this process, magnifying one of the smaller sides by a factor of 3 yields a line out of which 4 smaller 
sides can be made in the next phase, so 𝑎 = 3, 𝑏 = 4, and the dimension of the Koch snowflake is a 
now perhaps less surprising 𝑑 = log 4. A little less than an area, a little more than a line. 
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I hope that you have not grown tired yet, for we have one more pair of fractals to go, the 
Sierpiński triangle and the Sierpiński carpet, without which this article could not be considered as 
complete. (The reason behind that is the mere sentiment of the author. At my old grammar school, 
there was an old yellowed poster on fractals hanging on one of those cork notice-boards nobody ever 
looked at properly. Not even me; I never observed it from a distance closer than a metre. I am catching 
up now, if you understand.) To construct the triangle, we begin with an equilateral triangle (‘Generate 
a Sierpinski Triangle’). We cut out the middle fourth. Out of each of the remaining equilateral 
triangles, we cut out the middle fourth, etc. Are you able to calculate the dimension yourself by now? 
You should be! Magnify one of the initial sub-triangles by a factor of 2, and you will obtain a shape 
which can be split into 3 of the original sub-triangles, so 𝑑 = log 3. The construction of the carpet 
is almost identical (‘Generate a Sierpinski Carpet’). We start off with a square and cut out the middle 
ninth. Out of each of the remaining eight squares, we cut out the middle ninth, and so on. Magnifying 
one of the squares by a factor of 3 yields a shape which can be split into 8 instances of the initial sub-
squares. Hence, for the Sierpiński carpet, 𝑑 = log 8. 

I assume that four is about the right number of examples to be included in an amateur crash 
course on fractal dimensions. As you might sense yourself, we have been scratching no more than the 
surface of what fractals offer, in that we have only been considering those whose dimensions can be 
expressed as a logarithm with a natural-number base and a natural-number exponent. (I encourage 
you to throw a glance at Wikipedia’s ‘List of fractals by Hausdorff dimension’. You will be dazzled.) 



Maths Advent Calendar 2020 

Arguably, we have made a mere baby-step away from natural-number dimensions. 
Now, what if I told you that dimensions of boundaries of shapes were an issue, too? You might 

have the intuition that the dimension of the boundary of a shape is one less than the dimension of the 
shape itself. The boundary of a two-dimensional square is one-dimensional. The boundary of a three-
dimensional cube is two-dimensional. Consider, however, the Mandelbrot set, which, although not 
understanding it in the least, I have pretentiously used for the background of the calendar. It has been 
proven that somehow, the dimension of the Mandelbrot set, 2, is the same as the dimension of the 
boundary of the Mandelbrot set. ‘“Curiouser and curiouser!” cried Alice…’ (Carroll) 

You will have understood by now that what little I have managed to comprehend as far as fractals 
are concerned, I have fallen head over heels in love with. If you find yourself in a similar situation 
and have a specific question concerning fractals you would like to address and not be alone in so 
doing, you are more than welcome to contact me, and we can see how much progress we will be able 
to make together. You do not have to, though. Maybe you strive to take it super-duper seriously and 
take up topology at university. (Or perhaps you do not care at all. I do not believe that, though. You 
have made it too far.) Whatever the case, as long as I have made your inner mathematician just a little 
happier, I will consider my goal to have been met. 
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