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Buffon’s Needle: Part 2 

Welcome back to our venturing into the land of geometric probabilities! I hope that you have had 
at least one generous night’s sleep since Part 1 (window 2) of our treatment of Buffon’s Needle, for 
today, all we have explored will come together beautifully in a solution to if not all, then at least some 
of your life’s knotty problems. Without unnecessary distractions in the form of my inappropriately 
childish excitement, let us commence! 

In Part 1, we looked at the probability that a coin, thrown at random on a square-tiled floor, does 
not land on a boundary, and determined it as the ratio of the area within which the coin’s centre would 
have to fall so that no boundaries are crossed to the total area of the tiles in question. Let us now 
simplify the problem in such a way that the coin is falling not on a square-tiled floor but on a surface 
with evenly spaced parallel lines drawn on it. If the diameter of the coin is 𝑑 and the distance 
separating two lines ℎ, using the same logic as in the tile case, we can easily determine the probability 

𝑃(𝑐𝑜𝑖𝑛 𝑛𝑜𝑡 𝑜𝑛 𝑙𝑖𝑛𝑒) =  and the related probability 𝑃(𝑐𝑜𝑖𝑛 𝑜𝑛 𝑙𝑖𝑛𝑒) = . (Note that we are only 

considering the case where 𝑑 ≤ ℎ.) 

This is the point when we will make the same jump as Buffon did two hundred years ago: What 
if, instead of a coin of diameter ℎ, we had a needle of length ℎ? What would the probability be that 
the needle lands on a line, supposing that the angle the fallen needle assumes to the horizontal is also 
a random element? Although the probabilistic model we will build shortly will cover both, let us, for 
the sake of intuition, consider the two extreme cases of the needle falling perpendicular or parallel to 
the lines. If we throw the needle so that it is perpendicular to the parallel lines, the probability that it 

lands on a line is no different than in the coin case, 𝑃(𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑛𝑒𝑒𝑑𝑙𝑒 𝑜𝑛 𝑙𝑖𝑛𝑒) = . On the 

other hand, a needle thrown parallel to the parallel lines stands no chance of crossing either line, and 

𝑃(𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑛𝑒𝑒𝑑𝑙𝑒 𝑜𝑛 𝑙𝑖𝑛𝑒) = . (This is only so since we are ascribing negligible width to both line 

and needle.) In the general case of a needle falling at an angle 𝜃 to the horizontal, we only have to 
consider the vertical component of the length of the needle, which, as in the picture below, can be 

expressed as 𝑑sin (𝜃), so the probability is 𝑃(𝑛𝑒𝑒𝑑𝑙𝑒 𝑎𝑡 𝑎𝑛𝑔𝑙𝑒 𝜃 𝑡𝑜 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑜𝑛 𝑙𝑖𝑛𝑒) =
 ( )

. 

To find the overall probability of the needle landing on a line, we must combine our knowledge of 
the probability that the needle lands at a certain angle to the horizontal with that of the probability 
that when it does land at this angle to the horizontal, it lands on a line. Such wording should ring a 
bell, in that it is a somewhat clumsy way of talking about conditional probability. 
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Since we are not anyhow concerned about the difference between the two ends of the needle, we 
can happily focus on the cases of 𝜃 for 0 < 𝜃 ≤ π. Let us divide this range of possible orientations 

of the needle into  equal intervals, label them as Θ  for 1 ≤ 𝑖 ≤  and write 𝑃(Θ ) as the probability 

that the needle falls with an orientation within the interval Θ . Since all Θ  are equal in angle, so are 
all 𝑃(Θ ) equal. Next we choose within each interval Θ  the angle 𝜃  whose sine value is the best 
representation of the sine values of all the angles which fall within the interval and make the 
approximation that the probability that the needle lands on a line when thrown at an angle in the range 

Θ  is the probability that the needle lands on a line when thrown at the angle 𝜃 , 
 ( )

. To find the 

overall probability, we take the sum of these individual probabilities over all the considered 
orientation intervals Θ . You should sense that the larger an 𝑛 we choose, the more precise our 
estimates will be, and that we would get the best estimate of them all if the individual intervals were 
infinitisemally small, or if 𝑛 was very, very large. This should justify taking the limit of the sum in 

question as 𝑛 → ∞. In symbolic terms, 𝑃(𝑛𝑒𝑒𝑑𝑙𝑒 𝑜𝑛 𝑙𝑖𝑛𝑒) = lim
→

∑
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. However, the limit considered in the 

very last version of our expressing the sought-after probability is something we have already paid a 
not inconsiderable amount of attention to. It is the average of the function sin (𝜃) for 0 < 𝜃 ≤ π, and 

𝑃(𝑛𝑒𝑒𝑑𝑙𝑒 𝑜𝑛 𝑙𝑖𝑛𝑒) = 𝑎𝑣𝑔(sin(𝜃)) = . 

This is where the fun comes in. If we play around with the variables just a little, we get π =

(   )
. In other words, were you to conduct this extraordinary experiment, you would be 

able to get an estimate of the famous constant π. It might not be as good an estimate as the ones based 
on the use of advanced calculus, but it would be some estimate at least, one coming from a seemingly 
unlikely set-up, indeed, considering that we are throwing a straight object onto a flat surface with 
straight parallel lines. (The orientation is the catch, of course, but wording it so does make one feel 
like a bit of a (mathe-) magician, right?) 

Now, there is something I have deliberately abstained from commenting on until now, the 
question of the proportion of the length of the needle to the separation of the lines. When you look at 
the expression we have built, you can see that for 𝑑 > ℎ it does not make much sense. In that case, 
one has to approach the problem from an altogether different perspective, one involving integration 
slightly beyond the scope of this article. However, if I have made you so intrigued that your life 
cannot be without the understanding of Buffon’s Needle with all its nooks and crannies, feel free to 
carry on with your exploration! (In that case, I would also recommend looking into that variation of 
the problem which considers a needle slightly bent…) 
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